
Qualifying examination in analysis
Summer 2013

1. Suppose f is an integrable function on [0, 1] and g is a continuous function on R. Define

h(t) =

∫ 1

0

f(x)g(x− t) dx

for t ∈ R. Show that h is continuous on R.

2. Suppose f is a bounded continuous function on [0,∞). Show that

lim
n→∞

∫ ∞

0

ne−nxf(x) dx = f(0).

Hint: change variables in the integral.

3. (a) Show that L4[0, 1] ⊆ L3[0, 1].

(b) Suppose Λ : L3[0, 1] → R is a bounded linear functional. Show that the restriction of
Λ to L4[0, 1] is a bounded linear functional on L4[0, 1].

(c) Give an example of a function in L4/3[0, 1] which is not in L2[0, 1].

(d) Give an example (with proof) of a bounded linear functional on L3[0, 1] which is not
the restriction to L3[0, 1] of a bounded linear functional on L2[0, 1].

4. Suppose {ϕn} is an orthonormal sequence in L2(R), and g ∈ L2(R). Show that

lim
n→∞

∫ ∞

−∞
g(x)ϕn(x) dx = 0.

5. Suppose {fn} is a sequence of absolutely continuous functions on [0, 1] such that
(i) for all n ∈ N, fn(0) = 0.
(ii) for all n ∈ N and all x ∈ [0, 1], |f ′

n(x)| ≤ 1.
(iii) the functions {f ′

n(x)} converge pointwise a.e. on [0, 1] to a limit function g(x), as
n → ∞.

Show that f(x) = lim
n→∞

fn(x) exists for every x ∈ [0, 1], and f is absolutely continuous on

[0, 1], with f ′(x) = g(x) a.e. on [0, 1].

6. Let X = {1, 2, 3, 4}, and let Σ be the smallest σ-algebra of subsets of X which contains the
sets {1} and {1, 2}.

(a) List the sets in Σ.
(b) Give an example of a function g : X → R which is not measurable with respect to Σ.
(c) If f : X → R is given by f(x) = (x − 3)(x − 4), and µ is a measure on (X,Σ) with

µ({1}) = 3 and µ({1, 2}) = 8, find
∫
X
f dµ.

7. Suppose µ and ν are mutually singular measures on a measure space (X,Σ). Suppose λ is
a measure on (X,Σ) which is absolutely continuous with respect to µ and absolutely continuous
with respect to ν. Show that λ(E) = 0 for every E in Σ.
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8. Suppose (X,Σ, µ) is a σ-finite measure space, and ν is a measure on Σ such that ν(E) ≤
µ(E) for all E ∈ Σ. If f is the Radon-Nikodym derivative of ν with respect to µ, f = dν

dµ , show

that f(x) ≤ 1 a.e. (µ) on X.

9. Let λ be Lebesgue measure on R, and let f be a nonnegative measurable function on R.
Prove that ∫ ∞

−∞
(f(x))2 dx =

∫ ∞

0

λ ({x : f(x) > t}) 2t dt.

Hint: first write λ ({x : f(x) > t}) =
∫ ∞

−∞
h(x, t) dx, where

h(x, t) =

{
1 if f(x) > t

0 if f(x) ≤ t.
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